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Abstract. In this paper, we estimate the boundary behaviour of the Sibony 
metric near a pseudoconcave boundary point. We show that the metric blows 
up at a different rate than the Kobayashi metric. 

1. Introduction 

Invariant metrics play an important role in Complex Analysis. Yet many of 
their basic properties are still unknown. In this paper the authors investigate 
the boundary behaviour of the Kobayashi, Caratheodory, and Sibony metrics near 
pseudoconcave boundary points. We show that their growth rates are different. So 
we work near a boundary point where at least one of the eigenvalues of the Levi 
form is strictly negative. We let Fk,Fs,Fc denote the Kobayahsi, Sibony and 
Caratheodory metrics respectively. Our main result is the following: 

Theorem 1. Let Q, be a bounded domain in C",n > 1, with C 2 -boundary . Let P 
be a boundary point which is not pseudoconvex. Let P$ be the point on the inner 
normal to p at distance 6 and let is be a unit complex normal vector to dfl at P. 
Then F%(P s ,v) « ^,Ff(P B ,v) « ^,F%{P 5 ,v) » 1. 

The main new result in this theorem is the estimate for the Sibony metric, which 
is the following: 

Theorem 2. Let fi = {l/4 < \z\ 2 + \w\ m < l} C C 2 , m > 2 and P s = (1/2 + 5,0). 
Then 

F%{P 5 ,p)k-^, ^=(1,0), 

for S > small enough. 

The estimate for the Kobayahsi metric, Theorem [31 is due to Krantz, see [B]: 

In [1] , it is shown that the Kobayashi metric and the Sibony metric are different 
on a ring domain. Theorem [2] shows that the Sibony metric has actually a smaller 
blowing up rate than the Kobayashi metric does. 

The plan of the paper is as follows. In the second section, we give background 
information. In the third section, we prove Theorem [2] Theorem Q] is proved in 
Section 4. 
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2. Background 

In this section, we give definitions and properties of the metrics, which are used 
in later sections. For more detailed discussion of the metrics, refer [3J, [5], [7J, and 

El- 
Let D, C C" be a domain, PeSl, and £ = . . eC" The Kobayashi 

metric P# (P, £), the Caratheodory metric F^(P, £), and the Sibony metric Fg(P, £) 

are defined as follows: 

(1) 

Fg(P,0 = inf {a : 30 G 0(D), s.t. 0(0) = P, 0'(O) = £/a, a > 0} 
(2) 

WO, 
dzi 



p^(p,o = sup|i/,(p)ei = 

(3) 



2^ Br, ^ 



i=l 



I e D(J2), /(P) = o 



Pf (p,0 = sup <| (9a u (p)(£,o) 1/2 - (^p ■ u e 

where D denotes a unit disc in C, ^(f^i) the family of holomorphic mappings 
from Cli to 0,2 and A(P, f2) is the set of plurisubharmonic functions on f2 such that 
u e A(P,Q) if u(P) = 0, u is C 2 near P, logu is plurisubharmonic on fl, and 
< u < 1 on Q. 

The three metrics satisfy the non-increasing property under holomorphic map- 
pings. 

Lemma 1. Let f2j and D.2 be domains in C n and C m respectively, <f> : f2j — ► ^2 
&e a holomorphic mapping, P G fii, and £ G Tp(fii). TTien we /iaue 

(4) F Ql {P,0 > P° 2 (<J>(P),$»(P)£) 
Corollary 1. //fii C fV, t/ien 

(5) F ni (P,£) > F n2 (P,£). 

The Kobayashi metric and the Caratheodory metric are two extremes of the 
pseudo-metrics in the sense that if F is a pseudometric defined in such a way that 
it coincides with the Poincare metric on the unit disc in C and satisfies (j4j), then 
we have 

Fg(P,0<F n (P,t)<F%(P,0, 

on any domain f2. The Sibony metric coincides with the Poincare metric on the 
unit disc and satisfies the non-increasing property under holomorphic mappings [5] . 
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Hence we have 
(G) 



Fg(P,t)<Fg(P,Z)<F%(P,0. 



The Sibony metric is defined as the supremum of the Hessian of certain plurisub- 
harmonic functions ([3]). Hence we have the following property, which is stated in 
[5] without a proof. We include the proof for the convenience of the reader. 

Lemma 2. 

(p a + 6) < ff(P, 6) + ff(P, 6) 

Proof. 

(f£(P,& + 6)) 2 = sup ddufa + biti + b) 

ueAn(P) 

= sup [ddu(^i) + ddu(^,l 2 ) + 2Re00u(&,&)] 



< sup 



ddu(Zi,Zi) + ddufab) + 2 ( 9du (tu ti)) 1 ' 2 (flSu(6, u)) 1/2 



< 



sup ddufatZi) 



sup 

u 

1/2 



1/2 



sup <9<9u (&,f 2 ) 



1/2' 



= (i#(P,&) + i£(P,60)' 



□ 



In [5] , Krantz shows the asymptotic behavior of the Kobayashi metric near the 
inner boundary of an annulus in the normal direction. 
Let 



Q = < (z, w) e 



1 



< z[ 



\w\ m < l,m> 2 



and P 5 = (p, 0) = (1/2 + 5, 0) and v = (1, 0). 
Theorem 3 (Krantz [6]). 

Since the holomorphic convex hull offiisB = {|;z| 2 + |w| 2 <l} C C 2 , The 
Caratheodory metric on 17 coincides with the Caratheodory metric on B, which we 
can explicitly calculate using the Mobius tranform of B: 



Proposition 1. 

Proof. Let $ be the Mobius transform of B that maps Pg to 0: 



i#(P,,i/)«l. 



z — p \J\ — p 2 i 
X— pz' 1 — 
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Hence we get 

(7) F*(Pt,v)=I*(P s , V ) = \$.(P s ) V \= 

□ 

In section 4, we use the localization of the Kobayashi metric and the Sibony 
metric. We prove the localization of the Sibony metric in section 4 and here we 
present a proof of the localization of the Kobayashi metric. It first appeared in [7] 
and later in [3]. 

Lemma 3. Let SI C C" , P £ CI, and U be a neighborhood of P. If V CC U and 
P £ V , then we have 

Proof. Let r be such that 

r = inf {a > : 30 £ fi(B), 0(0) = p, 0(a) = p', for some p € V H ft, p' £ Q \ U} . 

If f £ S7(B) satisfies /(0) = q and /'(0) = £/a, then g(() := f(rQ £ Cl n £/(B). 
Hence 

r 

□ 

Remark 1. The localization of the Caratheodory metric was proved in [J on a 
strongly pseudoconvex domain using the existence of the peak function. Theorem 
[T]does not require the localization of the Caratheodory metric. 

3. Estimation of the Sibony metric on an Annulus 

Throughout this section, we let SI = B \ {(z,w) £ C 2 : \z\ 2 + \w\ m < 1/4} (m > 
2), where 1 is a unit ball in C 2 with center 0, P& = (p,0) = (1/2 + 6,0), and 

y= (i,o). 

Lemma 4. Let P £ SI and £ £ C 2 &e swc/i i/iaf the complex line 0(C) /' • 
does not touch the inner boundary of 'SI for all ( 6 C. TTien F^(P, £) = Fg(P, £) — 
Fg(P,t) = F»(P,t). 

Proof. By (4) and (6), it is enough to show that F$(P,£) = F%(P,£). 

Since O C B, we have F%(P,£) > Pf (P,£) = F%(P,£,). Hence it is enough to 
showFg(P,£) <F»(P,0- 

Let A = il n {0(C) : ( £ C}. We have F£(P,£) > F%(P,£), since AcSl. We 
show that F$(P,£) < F%(P,£) by finding a holomorphic mapping ip : B — ► A 
such that ip(P) = P and i/j*(P)£ = £ : Let tp = f^ 1 otto/, where / is a Mobius 
transformation of B that sends P to and it is the projection of B onto /(A). □ 
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Proposition 2. 

(8) 



< 



gl-l/r, 



Proof. Let (3 > be such that the complex line (j>(() = Ps + C(l> v ), C S does not 
touch the inner boundary if |u| > (3. We may write ^ = (1, 0) = (1/2, v) + (1/2, — u) 
for some ueC such that |u| > /3. By Lemma [21 Lemma 01 and (O, we get 

F S V*, v) < F$(Ps, (1/2, «)) + Ff(P e , (1/2, -«)) 
= 2$(P,, (1/2, «)) + fg(P,, (1/2, -«)) 



n 1/2 



l -p 2 

Since the above inequality holds for all v € C such that \v\ > (3, we have 



(9) 



J + (l-/)/3 2 



1/2 



Now we estimate (3: Since </>(C) does not touch the inner boundary if \v\ > (3, we 
have 

2 



(10) 



^<II<KC)II 2 = 



+ ic«r, vc e c if | v | > /3. 



Since we have a lower bound on the right hand side of (flT)]) as follows: 

J + Re (j + o + \s + ci 2 + icr>r > J + * - ici + M m icr, 

we can estimate (3 from above by finding the condition on \v\ such that f(x) — 
1/4 + S — x + \ v\ m x m > 1/4 for all x > 0. Since / has only one critical point on the 
positive x-axis, which is (|u| rra m) -1 /( m-1 \ it is equivalent to finding the condition 
on \v\ such that 

/((|u| m m)- 1/ < m - 1) ) = - + 6- (\v\ m m)- 1/{ - m - x) + \v\ m (\v\ m m)- m ^ m -^ > -. 
Hence we get 

S > \ v \-™/(.">-V (rrT 1 '^- 1 ^ - m -"V(™-i)) 

and therefore 

\v\ > C - \. , 
where C is a constant depending on m. Therefore 

(11) P < C r1 \ . 

and (fTTJ) together with © proves ©. □ 

Remark 2. For a general tangent vector v = (a, 6) = a(l, 0) + 6(0, 1) = N + T we 
get the inequality F%{P s ,v) < j^tt^\N\ + \T\ 



6 



JOHN ERIK FORNffiSS, LINA LEE 



Remark 3. If SI = {l/4 < \ Zl \ 2 + \z 2 \ 



< 1} C C", 2 < m 2 < m 3 < 



< m n , P s = (1/2 + (5,0, . . .,0) and v = (1,0, .. . ,0), then 

1 



< 



s 1 - 



It is because the metric on ft is less than the metric on the slice of ft: O' = 
{1/4 < |zx| 2 + |z 2 p2 < 1} n { Zj = 0, j > 3}. 



Proposition 3. 



> 



gl-l/r. 



Proof. To construct a function u(z, w) giving a lower bound on the Sibony metric, 
we first find a function which is a candidate for small \w\ and then patch with 
a function of \w\ to globalize. For small \w\ we take advantage of the fact that 
\z\ > 1/2 — 5/2 to get a function with large derivative in the z direction. We give 
next the precise construction: 
Let 

/(*) = 

and we define a plurisubharmonic function u(z,w) on ft as follows: 

{log (f(z) + \w\ 2 ) , log (L\w\ 2+t ) } - L', \w\ < c 2 ' m 5 1 / m 
L', \w\ > c 2 /™^/" 1 , 



z — p 


2 


z-l/2-S 


z-p + 25 




z-l/2 + S 



u(z, w) 



log(L|w| 2+e ) 



for some small constant c E (0, 1/2), < e << 1, and large constants L, L', which 
will be defined later. 

We shall show that u{z,w) < on 0, that expu(z, 0) = e~ L ' f(z) near Ps and 
that u is plurisubharmonic. 

Let fl' := Q n {\w\ < c 2 /™^/™}. We shall show that f(z) < C5 2 l m for some 
constant C on O'. Since fl' C {1/4 - c 2 <5 < \z\ 2 < 1, \w\ < c 2 / m <5 1 /™}, it is enough 
to show that f(z) < CS for all z such that 1/4 - c 2 6 < \z\ 2 < 1. 

Let z = x + iy. Then we have 

fM _ ,± (x- 1/2 -S) 2 +y 2 
nZ) -° (x-l/2 + d) 2 +y 2 

Hence f(z) < 5™ if x - 1/2 > 0. 

If x - 1/2 < 0, then (x - 1/2 + (T) 2 + y 2 < (x - 1/2 - <5) 2 + y 2 . Since A/B > 
(A + C)/(B + C), if A > B > and C > 0, we have 

\2 



f fz) < 5 2/m ^ - X ^ 2 - ^ if x E 
(x-1/2 + 5) 2 ' lt,Xe 













u 




-C 2 (5 - 








'2 



and 



2/TO (s - 1/2 - ,5) 2 + 1/4 - c 2 S - x 2 

(x - 1/2 + S) 2 + 1/4 - c 2 S - x 2 ' XG 



-c 2 6, 



-c 2 5 
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A simple calculation shows that 
(12) 



JW " (1/2 -<5- " (l-3c 2 ) 2 " v ;v y ' 

for c < 1/3, since 



(13) --3c 2 5<J--c 2 6<-~c 2 8. 
y ' 2 V 4 2 

Therefore f(z) < h8 2 ' m for all (z,w) efin{\w\< (S/3 2 ) 1 / m } 
Hence if we let L = 200 and c = 1/3, then 



f(z) + \w\ 2 < b5 2 ' m + S 2 / m /9 < 66^ , (J^j 



l/m / c \ 



< W < 



3 2 



and 



65™ < 100 " " < 200|w| 2+£ , Itul > ( — 
16 \ 4 2 



for e < m( '°S 96)) ■ Therefore 



/ a \ V™ / a \ V™ 

max{log(/(z) + M 2 ),log(200M 2+e )} = log(200 1 w; | 2+e ) , (-) < \w\ < f^J 

Hence the function u{z 1 w) is a well-defined plurisubharmonic function. Since \w\ < 
1 on il, we may choose L' = log(200). 

Now we look at a small neig hborhood of Pg. If \w\ < (2^) ' , then 200|w;| 2+e < 
\w\ 2 so log 200 1 to 1 2+6 < log(/(z) + |u>| 2 ). Hence e u is smooth in a neighborhood of 
P s , e<*> w ) = e- L 'f(z). 

(dde u (P s )(v,V))=^ I 

Hence the lower bound for the Sibony metric follows. □ 

Remark 4. For a general tangent vector v — (a, b) — a(l, 0) + 6(0, 1) = N + T we 
get the inequality F§(Pg,u) > ^tj^\N\ + \T\ 

Remark 5. If fl = {l/4 < |zi| 2 + \z 2 \ m2 + ■■■ + \z„\ mn < 1} C C™, 2 < m 2 < m 3 < 
••• <m„, Pg = (1/2 + 5,0,. ..,0) and v = (1,0, . ..,0), then 

(14) lf(P6,")>^-. 

Since |zi| 2 + |z 2 |" l2 +--- + |z„| m " < \z x \ 2 + |z 2 |" i2 + • • ■ + |z„|" 12 < |zx| 2 + \z'\ m \ z' = 
(z 2 ,...,z„), wehavefi C {1/4 < | 2 + | m = } n{ | ^! | 2 + |2 2 | m2 + • • • + |z„| m ™ < l}. 
The argument of Proposition [3] goes through with \z'\ in place of |iu|. 
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4. Comparison of the metrics on a general domain 
We first prove a localization Lemma for the Sibony metric. 

Lemma 5. Let Q C C" be a bounded domain. If V CC U are open sets, then we 
have 

Fs nn (g, « Fs (9, 0> VgG^nn.veeC 

Proof. Since {/ n fi C O, by ©, we have Fg nn (z,£) > Fg(z,£). 
Now we show the other direction. Let 

r :=dist(V nfi,Q\f7). 

For q E V n O, if u E A(q, U n Q), then define 

f 2\z-q\ i ) 
max <^ log (u + e\z - q\ 2 ) , log — — ^— > - L, z E B(q, r)flfi 

2lz - ol 4 

log ' 4 ' -L, zEtl\B{q,r) 

where e > is a very small constant such that e\z — q\ 2 < 1/2 for all z £ ft, and L 
is a large constant that will be chosen later. 

First we show that v — log(u + e|z — q\ 2 ) — L near q: Let \z — q\ = S. Since u > 0, 
we have log(u + e\z — q\ 2 ) > loge + 21og<5. We also have 

2\z - ol 4 

log - — j-^- = log 2 + 4 log S - 4 log r 

r 4 

Hence for 5 small enough, u = log(u + e\z — q\ 2 ) — L for all z such that z — g| < 5. 

Now we choose L such that v < on ft: Since M + e|z — q\ 2 < 3/2 for all z E Unfl, 
we have 

« = log 2|z ^ g| — L. zGC/nr>n{|z-g| 4 >3r 4 /4}. 

Hence w is a well defined plurisubharmonic function and for a large constant L, we 
have v < on £1. 

□ 

Proof of Theorem [1] 

Proof. Since has a C 2 -boundary, we can find a small ball of radius r, B r , that 
lies outside f2 and that is tangent to dfl at P and a small neighborhood U of P 
such that fiflC/ C U \B r . Therefore the lower bound for the Kobayashi metric 
and the Sibony metric follows from Corollary [TJ Theorem [21 Theorem 02 Lemma G2 
and Lemma [5] The lower bound for the Caratheodory metric is trivial. 

To show the upper bound of the metrics, we look at the slice of the domain. 
Let Rezi be the real normal direction of dVt at P and z-i be the pseudoconcave 
direction of dfl at P. Letting P = 0, we may assume 

{Rezi - \z 2 \ 2 + C|zi| 2 <o}n{z' = o}nu ennu, z' = (z 3 ,...,z n ), 



KOBAYASHI, CARATHEODORY, AND SIBONY METRIC 



9 



for a sufficiently small neighborhood U of P. The upper bounds for the Kobayashi 
and Sibony metrics follow by Corollary [IJ Theorem G2 Theorem [2j Lemma G2 and 
Lemma [5] 

By Hartogs' extension phenomenon, any holomorphic function on Vl can be ex- 
tended to its holomorphic convex hull, hence to a fixed neighborhood HUB(0,r) 
Therefore F${P S , v) < i?£ uB(0 ' r) (P s , v) « 1. 

□ 
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